Cole— Hopf Like Transformation for a Class of Coupled Nonlinear Schrodinger 

Equations 
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In this paper we consider a class of coupled nonlinear Schrodinger equations for the fields tp. 
containing complex nonhnearities, that has been obtained by requiring that the norms li/^J^ are 
conserved densities . For this class of equations we introduce a Cole-Hopf like transformation, 
whose effect is to reduce the complex nonhnearities into real ones, this way reducing the continuity 
equations of the system to the standard bilinear form. Some examples are presented to illustrate 
the applicability of the method. 
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Systems of coupled nonlinear Schrodinger equations 
(CNLSEs) have attracted the attention of nonlinear 
physicists in recent years. These systems emerge from 
the study of important phenomena occuring in condensed 
matter physics, like, for instance, the propagation of light 
pulse in an optical fiber [hi, propagation in a nonlinear 
birefringent medium ^ , or in the study of multi- 

species and spinor Bose- Einstein condensation The 
CNLSEs are more difBcult to solve than the respective 
one-component NLSEs and, generally, these systems of 
equations cannot be integrated with usual methods. In 
the present work, by means of a Cole-Hopf like transfor- 
mation on a class of CNLSEs with complex nonhnear- 
ities, it is possible to reduce such system of equations 
to another one containing only real nonhnearities. The 
method here proposed can be considered as a natural 
continuation of the work presented previously in Refs. 

Let us introduce the following system of q coupled non- 
linear Schrodinger equations in {n + l)-dimensions: 



i + A Alp + B[tp\ ^l)]■^|)^0 



(1) 



being -0 a g-component vector. Without loss of gener- 
ality, we can rearrange the system in order to reduce 
the q X q matrices A and B to diagonal form. The ma- 
trix A has constant and real entries while the matrix B 
has entries which are functional dependent on the fields 
xp and ■0^. We use the notation M[v] to indicate the 
functional dependence on the component of the vector 
= {v-^, ■ ■ ■ , v^) and their spatial derivatives. In the 
following, Mj, are the k-th diagonal element of the ma- 
trix M. Besides the complex fields we introduce the 



•Electronic address: 
1 Electronic address: 
■f Electronic address: 



rtaniadakis@Dolit o.i1 



riiraldi@Dolito.it 



hydrodynamic real fields and defined through: 

ij^{x, t) = p\/''{x, t) exp[i5,(a;, t)] . (2) 

The matrix B can be decomposed into its real W and 
imaginary W parts, so that Eq. djl) can be written as: 



dt 



AA^p + {w[p, S] + I >V[p, 5]) ip 
The conservation of the quantities: 



= 0. (3) 



(4) 



for k = 1 , • • • , g imposes the existence of q continuity 
equations: 



(5) 



with currents j ^ given by: 

j^^2{A,p,VS,+F,) , (6) 

where the vectors F ^ are related with the entries of 
the matrix W trough: 

1 



(7) 



Note please, the structure of the elements W^. in Eq. (|^) 
allows the existence of the q " motion constants" defined 
in Eq. (§. 

Let us now introduce the transformation: 



xjj ^ (f) = U xjj , 



(8) 



where U \s a. diagonal and unitary matrix: W = U ^; 
with entries: 
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U^[p, S] = exp(icr,[p, S]) , 



(9) 



2 



since the generators cr^ [p, S\ are real functionals. The 
transformation U is chosen in order to eliminate the imag- 
inary part of the nonlinearity in the evolution equation 
for the field given now by: 

0fc(a;, t) = p\'^{x, t) exp [i Sk{x, t)] . (10) 
Since the matrix U is unitary, it results: 

P. = V'* V', = 0* 0, , (11) 

while the phase 5^. of (j)^ are given by: 

S,=S,+a,[p,S]. (12) 

When Eq. ( [T^ ) is invertible, we can express the "old" 
phases S^. as functionals of the fields p and S : — 

The generators of the transformation are defined 
as: 



Vajp, S] = 



(13) 



and from the definition ( |13D it follows the condition on 
the form of the functional F, : 



V X ( — ^ ) = . 



(14) 



Eq. ( p^ states the feasibility of the transformation in 

any n > \ spatial dimension. 

If we introduce the functional G^.['4)\ '</'] trough 



= V log 1/^^ 



K Pk 



(15) 



the transformation (||), (^ assumes the form: 

V log (/)^ = G^['ijj\ xjj] . (16) 

Eq. ( |l6|) in the n = 1 case, and when G^[ip\ xp] ~ 
becomes: 



-1- log = V'. , 



(17) 



which is a Cole-Hopf transformations In general, 
when G^['ip\ xp] is an arbitrary functional, Eq. (^) de- 
fines a generalized Cole-Hopf transformation. 
Performing now the transformation (H) in Eq. (^) we 
obtain the following new system of CNLSEs for the field 
(/.: 

t^+AA(j) + R[p,S]cl) = , (18) 
ot 

which contains a purely real nonlinearity R [p, S] with 
entries given by: 

[p, 5] = W^, - A (Vaj2 + ^^^-^ + ^ .(19) 



Note that i? depends implicitly on the fields <S, since Eq. 
(|l|) defines S as a function of p and <S. It is easy now 
to verify that Eq. (|l^) admits the following continuity 
equations: 



dp, 
dt 



V • Jfc = 



(20) 



where the currents assumes the standard form of the 
linear quantum mechanics and are given by: 



(21) 



In the following, in order to show the feasibility of the 
proposed method, we consider some CNLSE, already 
studied in literature by different authors. 

We start by considering the CNLSEs ||l^, |ll| with com- 
plex nonlinearity given by: 

W,[p,S] = 5^. V^,- 7. P. -2^7, p. , (22) 



mp] = -^s, -viogp. 



(23) 



It is easy to verify that the transformation generated by: 

1 S. 



2 A., 



(24) 



eliminates the imaginary part in the nonlinearity and 
changes the real part in: 



(25) 



so that the new CNLSEs become a system of coupled 
cubic nonlinear Schrodinger equations. 

We consider now the 1-dimensional class of CNLSEs 
with complex nonlinearity given by: 



dx 



p,p. 



(26) 



(27) 



Remark that this class contains, as particular cases some 
very important equations, well known in literature. For 
instance, in the case q = 1 we obtain, for 5 — \ = Q, the 
Jackiw equation Q , for4(5 + /3 + 7 = and A = the 
Chen-Lee-Liu equation ||l^ and for 4(5+3 {(3+^) — and 
A = the Kaup-Newell equation |Q. In the case q = 2 
with A^;. = 0, the above CNLSEs have been studied 
recently in Ref. |l|, |l|, ) . 
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It is easy to verify that the expression of W^. allows 
the conservation of the quantities J d^x and, in this 
case, the current appearing in the continuity equations 
(p|) takes the form: 



(28) 



The transformation which eliminates the imaginary part 
of the nonlinearity has generator given by: 



(29) 



while the real nonlinearity in the new system of CNLSEs 
for the fields becomes: 



A. 



k 

dx 
95, 



E 



(30) 
P. ■ 



Finally we summarize some particular cases of these new 
CNLSEs: 

1-For/?,^ = -2 5,^,7,^ = 2AJ,JA„ = 
S^^ (2i5jj — (5^..) /A^, we obtain a system of decou- 
pled linear Schodringer equations: 



I -r-^ + A„ 



dt 



, 



(31) 



2. For = -2<5,^. with k ^ j, 7,^. = 2 A^ 5, J A, 
K.^K, {P..+S,,+2S^^) /A^ , 

Kji = ^kj (2<5,-i - 6^,) /A^,fork^3^ia.ndK^3=i 



(32) 



we obtain the following system of decoupled 
Jackiw-like NLSEs: 



dt " dx 



(33) 



with rj, = (/?,, +2 5,J/(2 AJ and J, given by Eq. 



3. Finally, for /3,^ = -2 6,^, = 7., 5,.M. 

^kj ^ki/^k we obtain the CNLSEs: 



dt " dx^ ^ 



being r,,^ = (7,^ - 2 A ^,^MJ/(2 A.). The non- 
linear term in Eq. (p4) has been considered in Ref. 

In conclusion, we have generalized the method intro- 
duced in Ref. |7[ ||] to the case of CNLSEs with complex 
nonlinearities. In order to assure the conservation of the 
particle number N. {i — 1 ■ ■ ■ q), for each species, we as- 
sumed the system admits q continuity equations. The 
condition given by Eq. (|lj) must be satisfied if the spa- 
tial dimension is n > 1. Differently from [Q, ||, in the 
present approach we do not require the existence of a 
Lagrangian for the system. In particular, for q = 1, the 
present theory can be viewed as a generalization to the 
case of noncanonical systems of the canonical theory of 
Ref. §. 

The general transformation here introduced gives us 
the possibility to deal, in the frame of a unifying scheme, 
different coupled nonlinear equations, some of which al- 
ready known in literature. 
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